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In these proceedings we discuss recent progress in nucleon structure using lattice QCD simulations
at or near the physical value of the pion mass. Main focus will be given in observables such as the
nucleon axial charge and the first moments of parton distributions, for both the valence and sea
quark contributions, and discuss their implications on the spin content of the nucleon. We will
will also report developments on the evaluation of the gluon momentum fraction, which contributes
significantly to the nucleon spin.
I. INTRODUCTION
The distribution of the proton spin among its con-
stituents has been a long-standing puzzle since the first
exploration of the internal structure of the proton. First
measurements of the spin dependent structure of the pro-
ton by the European Muon Collaboration [1] revealed
that quarks only contribute about half of the proton’s
total spin. This was called the proton spin crisis and
since then both experimentalists and theorists have in-
vested significant resources to understand it.
Due to tremendous theoretical and algorithmic ad-
vances, lattice QCD can provide ab initio simulations of
the quark and gluon contributions to the nucleon spin,
and to provide a rigorous test to the theory of QCD. The
lattice QCD calculations include matrix elements of lo-
cal operators, which can be related to form factors and
generalized form factor relevant for the nucleon spin and
thus have the potential to reveal the spin structure.
Historically, the first studies could provide estimates
for the valence quark contribution to the spin of the nu-
cleon, with the sea quark contributions being intensively
explored quite recently. Currently, while the computa-
tions of the quark distribution functions are approaching
a satisfactory situation, the case of the gluon contribu-
tions is much less advanced: first results using dynamical
simulations only appeared within the last two years.
The algorithmic improvements and increase of avail-
able computational resources have allows simulations di-
rectly at the physical value of the pion mass to become
feasible; this has eliminated a large uncertainty related
to the uncontrolled chiral extrapolations.
The total nucleon spin is generated by the quark or-
bital angular momentum (Lq), the quark spin (∆Σq) and
the gluon angular momentum (JG) via a gauge invariant
decomposition [2], which may be implemented in the lat-
tice formalism. In particular, the quark components are
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related to the axial charge (gqA) and the generalized form
factors of the one-derivative vector at zero momentum
transfer (Q2=0):
1
2
=
∑
q
(
Lq +
1
2
∆Σq
)
+ JG , (1)
Jq =
1
2
(Aq20 +B
q
20) , L
q = Jq −∆Σq ,∆Σq = gqA . (2)
All quantities shown above depend on the momentum
transferred squared, Q2, but we are interested in the
Q2=0 limit. The generalized form factors of the first
unpolarized moment, Aq20 and B
q
20, enter the definition
of the spin. Aq20(Q
2=0) is the quark momentum fraction,
and unlike the case of Bq20 is extracted directly from lat-
tice data. For the estimation of Bq20(Q
2=0) one relies on
fits of its momentum dependence.
Since it is necessary to include the individual quark
contributions to the various components of the spin, we
must also consider the disconnected contributions for gA,
A20 and B20. Furthermore, the nucleon matrix elements
of the strange and charm quark operators should also
be considered, which are entirely disconnected and rel-
atively cheap to compute due to the larger quark mass.
These will determine the strange and charm quark spin
contributions to the nucleon spin without neglecting any
parts, which will eventually provide a stringent check on
the distribution of the spin to the various quark degrees
of freedom.
II. NUCLEONS ON THE LATTICE
To study the quark contributions to nucleon quantities
one needs to compute three-point functions, schemati-
cally represented by the two upper diagrams shown in
Fig. 1, the connected (left) and disconnected (right). The
lower diagram is also disconnected and includes a gluonic
closed loop, and corresponds to contributions from the
gluonic degrees of freedom. Both disconnected diagrams
have only been limitedly studied in the past because the
signal-to-noise ratio is very small and they require spe-
cial techniques in order to obtain results with controlled
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2statistical and systematic uncertainties. Over the last
few years calculations of the disconnected quark contri-
butions have appeared in the literature [3–8] and quite
recently results at the physical point have become avail-
able [9–11] (see also Ref. [12] for a recent review). The
advances in the computation of disconnected diagrams
with closed quark loops have initiated calculations of the
diagram with the gluon loop [13, 14].
N(x)N(x′)
J (x1)
N(x)N(x′)
J (x1)
N(x′) N(x)
J (x1)
FIG. 1: Quark and gluon contributions to the nucleon three-
point function. The current insertion (J(x1)) is indicated by an
× symbol. Upper Left: connected, Upper right: disconnected
quark loop, lower: disconnected gluon loop.
For the extraction of the quantities of interest one must
form dimensionless ratios of the two- and three- point
correlation functions, denoted as G2pt and G3pt, respec-
tively. The ratio is optimized so that it does not contain
potentially noisy two-point functions at large time sep-
arations and because correlations between its different
factors reduce the statistical noise.
RO(Γ, ~q, t, tf )=
G3ptO (Γ, ~q, t)
G2pt(~0, tf )
×√
G2pt(−~q, tf−t)G2pt(~0, t)G2pt(~0, tf )
G2pt(~0, tf−t)G2pt(−~q, t)G2pt(−~q, tf )
→
tf−t→∞
t−ti→∞
Π(Γ, ~q) . (3)
Details on the definition of the above quantities can be
found in Ref. [15]. In the aforementioned ratio, it is im-
portant to keep the time separation of the initial (source)
and final (sink) states of the nucleon large enough to en-
sure suppressed contamination from excited states. The
desired information may be extracted from a plateau with
respect to the current insertion time, t, which is well sep-
arated from the source and the sink in order to avoid
overlap with the excited states.
Lattice data extracted from a non-conserved current
must be renormalized prior a comparison with experi-
mental data and phenomenological analyses. For cases
like the nucleon charges and the quark momentum frac-
tion, the renormalization is multiplicative, while for the
case of the gluon momentum fraction, a more compli-
cated renormalization prescription is required due to mix-
ing with other operators. Finally, the properly renormal-
izes matrix elements may be expressed in terms of gen-
eralized form factors, which provide information on the
nucleon structure.
III. QUARK CONTRIBUTIONS
A. Axial charge
One of the fundamental nucleon observables is the ax-
ial charge, gA, which governs the rate of β-decay and has
been measured precisely. It is essential for lattice QCD to
reproduce its experimental value, or in the case of devia-
tion to understand its origin, so that we have confidence
in predicting quantities that are not easily accessible in
experiments. The axial charge can be determined di-
rectly from lattice data without the need of fitting a mo-
mentum dependence, and thus, it is a benchmark quan-
tity for hadron structure computations.
FIG. 2: Lattice results on gA vs m2pi for: Nf=2+1 DWF
(RBC/UKQCD [16, 17], RBC/UKQCD [18], χQCD [19]), Nf=2+1
DWF on asqtad sea (LHPC [20]), Nf=2 TMF (ETMC [21]), Nf=2
Clover (QCDSF/UKQCD [22], CLS/MAINZ [23], QCDSF [24],
RQCD [25]), Nf=1+2 Clover (LHPC [26], CSSM [27]), Nf=2+1+1
TMF (ETMC [28]), Nf=2+1+1 HISQ (PNDME [29]), Nf=2 TMF
with Clover (ETMC [30]). The black star shows the experimental
value.
In Fig. 2 we plot gA as a function of the pion mass, mpi,
for simulations with mpi≤500MeV. The plotted results
correspond to different lattice spacings, volume, number
of dynamical quarks and formulations: Clover, Domain
Wall (DWF), HISQ, Staggered and Twisted Mass (TMF)
fermions [16–18, 20–28, 30–32]. We compare only results
obtained from the plateau method without continuum
extrapolation and volume corrections.
Over the last years, simulations at or near the physi-
cal point have become available, which eliminate the un-
controlled systematic on the chiral extrapolation. We
find that to the current statistics, volume and lattice
spacing, the data close to the physical pion mass have
an upward tendancy towards the experimental value:
gexpA = 1.2701(25) [33]. However, statistical and system-
atic uncertainties are not well under controlled yet and it
is crucial to increase the statistics and study the volume
dependence before reaching to final conclusions.
3One of the most important systematic uncertainties is
the contamination by excited states, as the interpolating
field used for the ground state also couples to the ex-
cited ones. The identification of the ground state for the
three-point functions is more saddle compare to the two-
point function, and different analysis techniques are used
in order to extract reliable results. The most common
approach is the plateau method in which one probes the
large Euclidean time evolution of the ratio in Eq. (3),
and the excited states contributions fall exponentially
with the sink-insertion (tf−t) and insertion-source (t−ti)
time separation. Thus, by increasing the source-sink sep-
aration a decrease of the excited states contamination is
achieved. However, statistical noise is increased, espe-
cially for simulations at the physical point. Alternatively,
the matrix element may be obtained by performing 2- or
3-state fits to account for contributions from the first and
second excited states. A third method is the summation
method in which one sums the ratio from the source to
the sink and the excited state contaminations are sup-
pressed by exponentials decaying with (tf−ti) and gA is
extracted from the slope slope of the summed ratio.
FIG. 3: The ratio of the axial charge for Nf=2 TMF+clover [30])
at mpi∼130 MeV for tree source-sink separations. The value ex-
tracted from the 2-state fit and summation are also shown with a
pink and grey bands, respectively.
All three methods have been applied for the case of gA
and we present recent results by ETMC [30] at mpi∼130
MeV, where very small change of gA has been seen by
varying the source-sink separation from 0.9-1.3 fm (see
Fig. 3). In fact, at a separation of 1.3 fm, the plateau,
2-state fit and summation methods are in agreement.
To give reliable estimates for the individual quark con-
tributions to the nucleon spin, we should also take into
account the disconnected diagram (upper right of Fig. 1).
As already mentioned, such contributions are more diffi-
cult to extract as they require at least an order of magni-
tude more statistics compared to the connected ones, and
the development of special techniques. The use of GPUs
has played a significant role in the progress of the com-
putations for the disconnected diagram using improved
actions with dynamical fermions. A number of results
have appeared recently for the disconnected loop contri-
butions to gA as shown in Fig. 4. We observe a nice
agreement among results both for the light and strange
quark contributions [3, 4, 6, 11, 31, 34–36]. For glightA
we find ∼ 7−10% contribution to the spin compared to
the connected part. Both light disconnected and strange
parts are negative and thus reduce the value of gqA.
FIG. 4: Upper plot: The disconnected light quark contribution
to gA as a function of mpi . Lower plot: Strange contribution to
gA as a function of m
2
pi . The data have been taken from Refs.
[3, 4, 6, 11, 31, 34–36].
B. Axial Form Factor
The axial form factors have attracted a lot of attention
due to their relevance in experiments searching neutrino
oscillations. Different analyses of experimental data [37,
38] show systematic uncertainties in the determination of
the axial dipole mass, MA, that are not well controlled
due to their model dependence. Thus, lattice QCD data
are vital as one can extract the Q2 dependence of such
form factors from first principle calculations.
FIG. 5: Isovector GA as a function of Q2. The data correspond
to: Nf=2 TMF & clover by ETMC [39], Nf=2 + 1 + 1 HISQ by
PNDME [40], Nf=2+1 clover by LHPC [41]. The bands show
different analysis of experimental data [37, 38].
As an example we plot the axial form factor for three
formulations in Fig. 5 at mpi=130 MeV [39, 40] and 317
4Mev [41]. Using the lattice data one can fit to a dipole
form: GA(Q2) = gA/(1 + Q2/M2A)
2, either using the gA
from the lattice data, or allowing both gA and MA to
vary. In Ref. [39] a study of the source-sink separation
shows that in such a fit, gA is approaching its experi-
mental value with increasing the separation, while MA
is found to be consistent within error bars to the exper-
imental determination of Refs. [37, 38]. The value for
MA extracted using TMF & clover at mpi∼130MeV is
MA=1.24(8)GeV [39] and in agreement with the value
MA=1.24(14) obtained with DWF at mpi=172 MeV [42].
PNDME reports a preliminary value of MA=1.02(4)GeV
at mpi=130 MeV for the HISQ formulation [40].
FIG. 6: Disconnected contribution to the axial form factor as a
function of Q2. The data correspond to Nf=2 TMF & clover by
ETMC [39] and Nf=2+1 clover by LHPC [41].
The most recent echievement regarding the axial form
factors is the computation of the disconnected loop con-
tributions for the light, strange, even the charm quark;
the latter was found to be compatible with zero [39]. In
Fig. 6 we plot together the two results that appeared
recently in the literature for GA obtained with TMF &
clover at the physical pion mass (ETMC [39]) and clover
at mpi=317MeV (LHPC [41]). For comparison, we also
include GA(0) for TMF at mpi=375MeV (ETMC [6])
which is in agreement with the LHPC data. Despite the
difference in the pion mass of the ensembles, we find a
good agreement forQ2>0.1GeV2. However, for small val-
ues of Q2 the data at the physical point exhibit a steep
downward trend.
C. Quark Momentum Fraction
Another observable that contributes to the nucleon
spin is the quark momentum fraction, 〈x〉q≡Aq20(0), as
shown in Eqs. (1) - (2). 〈x〉q is extracted from the one-
derivative vector current, and it is a scheme and scale
dependent quantity. Fig. 7 shows results on 〈x〉u−d con-
verted to MS scheme at a scale of 2 GeV, and overall,
the lattice data overestimate the phenomenological val-
ues. The phenomenological estimates extracted from dif-
ferent analyses (Refs. [56-61] of Ref. [28]) show deviation,
which, however, is significantly smaller than the discrep-
ancy shown with the lattice data. The lattice results
of ETMC and RQCD close to the physical point are in
agreement, while the LHPC point at ∼150MeV is close
to the experimental point. It is interesting to note that
removal of excited states has been applied to the LHPC
point, thus, comparison with the other lattice data is not
meaningful.
FIG. 7: Recent results on 〈x〉u−d, as a function of m2pi .
Data correspond to: Nf=2 TMF (ETMC [43]), Nf=2+1 DWF
(RBC/UKQCD [44]), Nf=2 Clover (RQCD [45]), Nf=1+2 Clover
(LHPC [46]), Nf=2+1+1 TMF (ETMC [28]), Nf=2 TMF with
Clover (ETMC [47]).
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FIG. 8: The ratio leading to 〈x〉u−d, as a function of the current
time insertion, for Tsink=8a, 11a, 14a. The green dashed band
indicates a two-state combined fit at various Tsink.
The data of Fig. 7 correspond to source-sink separa-
tion of Tsink∼ 1-1.2 fm, which might not be large enough.
A number of studies were undertaken to understand ex-
cited state effects and data from different formulations
show a large contamination. In particular, by increasing
the source-sink separation one observes a decrease of the
extracted 〈x〉u−d about ∼10%. As an example we show
the investigation by RQCD [45] at mpi = 150MeV, and
in Fig. 8 we demonstrate the ratio leading to 〈x〉u−d at
three separations, with maximum value ∼1fm. It should
be noted that for this observable a separation of at least
1.5fm is necessary to extract reliable results [30, 48].
An important component in the nucleon spin is the
disconnected contributions to 〈x〉, and recently there has
been a computation directly at the physical point [11],
which shows a significant contribution from the light
quarks: 〈x〉DIu+d=0.223(99), and a non negligible for the
strange: 〈x〉DIs =0.092(41). At heavier pion masses, the
disconnected contributions for this quantity were found
to be small [6], but it is expected to have a stronger pion
mass dependence as one approaches the physical point.
This is also demonstrated in the right panel of Fig. 9
where there is an upward trend with decreasing mpi [49].
5FIG. 9: Left: Ratio for the disconnected 〈x〉u+d as a function of
the current insertion time and for Tsink=0.9-1.5 fm using TMF
fermions at mpi=130MeV [11]. Right: Light disconnected and
strange 〈x〉 for several ensembles from χQCD [49].
It is worth mentioning that the ratio 〈x〉s/〈x〉u/d is
consistent between lattice data and the global analy-
sis of Ref. [50], provided that the ‘disconnected sea’
contribution dominates small x and that (s+s¯)/(u¯+d¯)
is relatively flat in the small x region. In partic-
ular, 〈x〉s/〈x〉u/d=0.76(30) (ETMC at mpi=130MeV),
〈x〉s/〈x〉u/d=0.78(03) (χQCD chirally extrapolated).
IV. GLUON MOMENTUM FRACTION
To complete the picture of the nucleon spin one must
consider contributions from the gluons. Gluon contri-
butions are poorly known from lattice QCD, as they
require a disconnected insertion, have low signal qual-
ity and exhibit operator mixing [51]. Until recently, the
only results for the gluon momentum fraction, 〈x〉g were
quenched [52, 53], and an alternative investigations us-
ing the Energy-Momentum Tensor decomposition is pre-
sented in Ref. [13]. In these proceedings we highlight the
only computation at the physical point in which the mix-
ing between 〈x〉g and 〈x〉q has been eliminated [14]; this
is a test for the momentum sum rule,
∑
q〈x〉q+〈x〉g=1,
and may shed light on the proton spin puzzle.
FIG. 10: Left: noise-to-signal ratio versus the smearing steps.
Right: Ratio for 〈x〉g for TMF at mpi=130MeV [14].
Although disconnected contributions are notoriously
difficult and noisy, applying smearing to the gauge links
in the gluon operator improves the quality of the sig-
nal. This was demonstrated in Ref. [14] where increasing
the smearing steps leads to a significant reduction of the
noise-to-signal ratio, as seen in the left plot of Fig. 10.
As a result a good quality of plateau for 〈x〉g is achieved
(right plot of Fig. 10).
Following the renormalization prescription outlined
in Ref. [14] and the total light and strange quark
momentum fraction, it is found that the final renor-
malized value for the gluon momentum fraction is
〈x〉g=0.273(23)(24). Using all quark and gluon contri-
butions to the nucleon momentum the sum rule is then
satisfied:
∑
q〈x〉q+〈x〉g=1.01(10)(2).
V. PROTON SPIN
Using the decomposition presented in Eqs. (1) - (2) one
can obtain from lattice data the total quark spin Jq and
the intrinsic spin ∆Σ. Furthermore, using the spin sum
rule Jq=∆Σq/2+Lq one can extract lattice estimates on
the orbital angular momentum Lq. In the left panel of
Fig. 11 we plot the total ∆Σq (upper points), and Lq
(lower points) using TMF [14, 28, 43]. The open symbols
correspond to two ensembles at mpi=130, 375MeV, for
which the disconnected light and strange quarks have
been included. Focussing on the data at the physical pion
mass, where the green filled squares are the connected
u+d, one observes that the addition of the disconnected
u, d, s shifts ∆Σ towards the experimental point (black
star). The connected contribution to Lu+d is very small
and the inclusion of the disconnected contributions gives
a positive value of ∼ 0.15.
FIG. 11: The intrinsic spin ∆Σu+d+s and orbital angular momen-
tum Lu+d+s for TMF.
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